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ABSTRACT In prior work, we introduced a probability density approach to modeling local control of Ca®*-induced Ca®* release
in cardiac myocytes, where we derived coupled advection-reaction equations for the time-dependent bivariate probability density
of subsarcolemmal subspace and junctional sarcoplasmic reticulum (SR) [Ca®"] conditioned on Ca®* release unit (CaRU) state.
When coupled to ordinary differential equations (ODEs) for the bulk myoplasmic and network SR [CaZ"], a realistic but minimal
model of cardiac excitation-contraction coupling was produced that avoids the computationally demanding task of resolving spatial
aspects of global Ca®* signaling, while accurately representing heterogeneous local Ca®>" signals in a population of diadic
subspaces and junctional SR depletion domains. Here we introduce a computationally efficient method for simulating such whole
cellmodels when the dynamics of subspace [Ca®"] are much faster than those of junctional SR [Ca®*]. The method begins with the
derivation of a system of ODEs describing the time-evolution of the moments of the univariate probability density functions for
junctional SR [Ca®*]jointly distributed with CaRU state. This open system of ODEs is then closed using an algebraic relationship
that expresses the third moment of junctional SR [Ca®"] in terms of the first and second moments. In simulated voltage-clamp
protocols using 12-state CaRUs that respond to the dynamics of both subspace and junctional SR [Ca®*], this moment-closure
approach to simulating local control of excitation-contraction coupling produces high-gain Ca®" release that is graded with
changes in membrane potential, a phenomenon not exhibited by common pool models. Benchmark simulations indicate that the
moment-closure approach is nearly 10,000-times more computationally efficient than corresponding Monte Carlo simulations
while leading to nearly identical results. We conclude by applying the moment-closure approach to study the restitution of Ca2*-

induced Ca®" release during simulated two-pulse voltage-clamp protocols.

INTRODUCTION

The key step linking electrical excitation to contraction in cardiac
myocytes is Ca®" -induced Ca>* release (CICR), in which Ca®*
current flowing across the cell membrane triggers the release of
additional Ca®" from the sarcoplasmic reticulum (SR). In ven-
tricular cells, CICR occurs as a set of discrete microscopic events
known as Ca®" sparks (1), with each spark triggered by local,
rather than cell-wide, increases in myoplasmic [Ca2+]. As a
consequence of this local-control mechanism of CICR, the cel-
lular SR Ca”" release flux is not a function of a single quantity,
such as spatially averaged intracellular [Ca®"], but instead de-
pends on thousands of different local Ca>" concentrations, each
of which can fluctuate with stochastic openings and closings of
nearby Ca®* channels in the sarcolemmal and SR membranes.
The picture is further complicated by the fact that dynamic
changes in local SR [Ca”"], which are also spatially heteroge-
neous, are thought to influence the gating of SR Ca>* release
channels known as ryanodine receptors (RyRs).
Computational models have been developed in which SR
Ca®" release depends directly on the average myoplasmic
[Ca”] (2-4). These so-called common-pool models (5) display
SR Ca®" release that occurs in an all-or-none fashion, contrary to
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experiments showing that release is smoothly graded with
changes in Ca®" influx (6-8). On the other hand, several pub-
lished models achieve graded Ca®" release using nonmecha-
nistic formulations, such as having SR Ca®" release depend
explicitly on Ca** currents rather than on local [Ca®>"] (9—13).

Models of EC coupling are able to reproduce graded Ca>*
release mechanistically by simulating the stochastic gating of
channels in Ca®* release sites using Monte Carlo methods. In
these approaches, one or more L-type Ca>* channels interact
with a cluster of RyRs through changes in [Ca”*] in a small
diadic subspace between the sarcolemmal and SR mem-
branes. These models also generally consider local changes
in junctional SR [Ca®*], because these changes are thought to
be important for Ca>* spark termination and refractoriness
(14-16). Realistic cellular SR Ca’" release can be simulated
by computing the stochastic triggering of sparks from hun-
dreds to thousands of such Ca®" release units (CaRUs)
(5,15-17). However, Monte Carlo simulations of local con-
trol of EC coupling can be computationally demanding,
making it difficult to augment these models with represen-
tations of the ionic currents responsible for action potentials,
and impractical to use this approach for simulations of phe-
nomena occurring over the course of many heartbeats.

We recently demonstrated that an alternative probability-
density approach can be used to simulate graded, locally
controlled SR Ca”* release mechanistically (18). In this prior
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work, coupled advection-reaction equations were derived
relating the time-dependent probability density of sub-
sarcolemmal subspace and junctional SR [Ca®"] conditioned
on CaRU state. By numerically solving these equations using
a high-resolution finite difference scheme and coupling the
resulting probability densities to ordinary differential equa-
tions (ODEs) for the bulk myoplasmic and sarcoplasmic re-
ticulum [Ca®"], a realistic but minimal model of cardiac
excitation-contraction coupling was produced. This new
approach to modeling local control of EC coupling is often
computationally more efficient than Monte Carlo simulation,
particularly if the dynamics of subspace [Ca?*] are much
faster that those of junctional SR [Ca2+], allowing the bi-
variate probability density functions for subspace and junc-
tional SR [Ca2+] to be replaced with univariate densities for
junctional SR [Ca®"]. However, the probability density ap-
proach can lose its computational advantage when the
number of states in the CaRU model is large or the dynamics
of local [Ca”*] are such that numerical stability requires a
refined mesh for solving the advection-reaction equations.

We therefore aimed to develop methods for improving upon
the probability-density approach, and in this study, we de-
scribe a moment-closure technique that leads to significant
computational advantages. After briefly reviewing the Monte
Carlo and probability density approaches to modeling local
control of EC coupling in cardiac myocytes, the new metho-
dology begins with a derivation of a system of ODEs de-
scribing the time-evolution of the moments of the univariate
probability density functions for junctional SR [Ca”*] jointly
distributed with CaRU state. This open system of ODEs is then
closed using an algebraic relationship that expresses the third
moment of junctional SR [Ca2+] in terms of the first and
second moments. In this manner, the partial differential
equations describing the univariate probability densities of
junctional SR [Ca”*] jointly distributed with CaRU state are
replaced with ODEs describing the time-evolution of the
moments of these distributions. In simulated voltage-clamp
protocols using 12-state CaRUs that respond to the dynamics
of both subspace and junctional SR [Ca?*], this moment-
closure approach to simulating local control of EC coupling
produces high-gain Ca®" release that is graded with changes in
membrane potential, a phenomenon not exhibited by common
pool models. Benchmark simulations indicate that this mo-
ment-closure technique for local control models of CICR in
cardiac myocytes is nearly 10,000-times more computation-
ally efficient than corresponding Monte Carlo simulations,
while leading to nearly identical results. We conclude by ap-
plying the moment-closure approach to study the restitution of
Ca®"-induced Ca”" release during simulated two-pulse volt-
age-clamp protocols.

MODEL FORMULATION

The focus of this article is a moment-closure technique to
modeling local control of CICR in cardiac myocytes. The
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whole cell model of EC coupling that will be used to dem-
onstrate the method closely follows our prior work in which
we presented traditional Monte Carlo simulations of graded,
locally controlled SR Ca®™ release to validate a novel prob-
ability density approach that represents the distribution of
diadic subspace and junctional SR Ca** concentrations with
a system of partial differential equations (18). Below we
briefly review the Monte Carlo and probability density for-
mulations, emphasizing minor adjustments that were re-
quired to implement the moment-closure technique. The
Results section begins with the derivation of the moment-
closure equations and follows with the validation and
benchmarking of the moment-closure technique for local
control models of CICR in cardiac myocytes by comparison
to Monte Carlo simulation.

Monte Carlo formulation

The Monte Carlo model of local control of CICR in cardiac
myocytes describes the dynamics of bulk myoplasmic
[Ca®"], network SR [Ca®™], N diadic subspace Ca** con-
centrations, and N junctional SR domain Ca®" concentrations
through a system of ODEs. These are coupled to N Markov
chains representing the stochastic gating of each CaRU that
consists of one L-type Ca®>" channel (DHPR) and one RyR
megachannel coupled through the local diadic subspace (c4s)
[Ca®"]. While a complete description of CICR would include
stochastic gating of roughly N = 10,000 CaRUs, each con-
taining multiple L-type Ca®>" channels (1-10) (19) and RyRs
(30-300) (20), Monte Carlo simulations of EC coupling fo-
cusing on local control have often used Markov models of
reduced complexity (5,16,21). This level of resolution will
suffice to introduce the moment-closure technique.

Concentration balance equations

The Monte Carlo model consists of N+2 ODEs representing
the time-evolution of [Ca2+] in the bulk myoplasm (¢yyo),
network SR (c,.), and N junctional SRs (cjnsr) compartments.
Consistent with Fig. 1, the concentration balance equations
for these compartments are

dCpyo

df :Jleak+~[;rfﬂux_Jncx_Jserca+Jin7 (1)
dcg 1
dt = T(Jscrca - J;l;ﬁl] - chak)7 (2)
dc‘;r 1 n n
7; = )\jsr (Jreﬁll - err)’ (3)

where 1 = n = N and A, and Aj, are volume fractions (see
the Appendix). The flux through the RyR megachannel
associated with the n™ CaRU (J° ) is given by

ryr
T

n 0 Viyr, on —n
] = ’y . (C - cds)7 (4)

ryr ryr N jsr
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FIGURE 1 Diagram of model components and fluxes. Each Ca®* release
unit consists of two restricted compartments (the diadic subspace and
junctional SR with [Ca®"] denoted by c4s and cj, respectively), a two-state
L-type Ca®" channel (DHPR), and a six-state Ca>" release site. The t-tubular
[Ca®*]is denoted by cey; and the fluxes T3, T, s Togins Jin Tnexs Jsercas

and J),i are described in the text and the Appendix.

where vy, is a stochastic variable that takes the value 1 or 0
depending on whether the n™ RyR megachannel is open or
closed, and ¢y, is the associated diadic subspace concentra-
tion defined below (Eq. 9). Similarly, diffusion from the

network SR to each junctional SR compartment is given by

T
n Veefill n
et = }e\; (Cosr — str)' %)

The total refill flux occurring in Eq. 2 includes the con-
tribution from each CaRU and is given by

N
‘]rl;ﬁll = Z ety (6)
n=1
while the total flux out of the N diadic subspaces is given by
. N . N vaﬂ i
Jefﬂux = Z Jefﬂux = Z %(Cds - Cm)’O)' (7)
n=1 n=1

The remaining four fluxes that appear in Eqs. 1-3 and Fig.
1 include Ji, . (influx into the diadic subspaces via L-type Ca>*
channels which are functions of the random variable yg,.), Jin
(background Ca*" influx), Jnx (Na*-Ca** exchange), Jierca
(SR Ca** -ATPases), and J)., (the network SR leak). The func-

tional form of these four fluxes can be found in the Appendix.

Diadic subspace Ca2* concentration

Note that a concentration balance equation is not included for
diadic subspace [Ca>*], because in our previous study we
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observed that model parameters lead to rapid equilibrium of
the diadic subspace [CaH] with the [Ca2+] in the junctional
SR and bulk myoplasm (18). Thus, in each diadic subspace
we assume a [Ca2+] (cg,) that balances the fluxes in and out of
that compartment,

1 n n n
O = )\_ds(‘]dhpr + err - Jefﬂux); (8)
that is,
Ezs = EZS,O + EZs.l CJ'S" (9)

where 1 = n = N and

n 0

_n ydhpr"dhpr + Vet ﬂuxcmyo
cdsO ~ n n 1 (10)

k +v — Yy

’yryrvryr ef flux dhpr* dhpr
V¥

-n ryr VTyr
Cos1 = . an

n n 1
VryrViye T+ Veffux — ')’dhprJ dhpr

. .. N ne
In these expressions, the quantities g, and 7}, indicate
whether the channel is open or closed, and v,y = vgr /N,
Vettlux = Vi /N, and Jghpr and J jhpr are functions of plasma

membrane voltage defined by

n n 0 —n 7l
J dhpr — Yanpr ) apr T Cad, dhpr) ) (12)

where the L-type Ca®" channel flux, J dnpr 18 given by Eq. 56
(see the Appendix).

Twelve-state CaRU model

The RyR model used here is similar to the two-state minimal
model of an RyR megachannel used in prior work (18).
Consistent with several studies indicating that the gating of
the RyR cluster associated with each CaRU is essentially all-
or-none (5,15,16), the two-state RyR megachannel model
used in Williams et al. (18) included transition rates that were
nonlinear functions of diadic subspace (c4s) and junctional
SR (cjsr) [Ca2+], thereby allowing for Ca2+—dependent acti-
vation of RyR gating as well as spark termination facilitated
by localized depletion of junctional SR [Ca”*]. Because the
moment-closure approach is most easily presented when all
Ca®"-mediated transitions in the CaRU model are bimolec-
ular association reactions, the six-state RyR megachannel
model used here employs sequential binding of diadic sub-
space Ca’" ions to achieve highly cooperative Ca®"-de-
pendent opening of the RyR megachannel. Similarly, an
explicit junctional SR Ca®"-dependent transition is included
so that depletion of luminal Ca>* decreases the open prob-
ability of the megachannel,

4kr;rr Cas 3ozkr; Cas 20°k Cas ozz’kr;r Cas kr;.*cjsr
C, = C, = Cs = Cy = Cs = 0. (13)
3, - 2, - - B _
Bk, 2Bk, 3Bk, 4k, Keyes
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Parameters were chosen (see Table 3) so that the behavior of
this minimal six-state RyR megachannel model approxi-
mated the above-mentioned two-state model.
As in prior work (18), we use a two-state model of the
L-type Ca®" channel (DHPR),
Kghor (V)
C= O, 14)
Kinpr
where C and O represent closed and open states, k;ipr is the
voltage-dependent activation rate (10) given by

0
e(V* Vianpr)/Tdnpr

+ T+
Ko = kdhera 15)
and kg, is the constant deactivation rate that sets the mean
open time (0.2 ms) and maximum open probability (0.1) of
the channel. Although this two-state DHPR model ignores
voltage- and Ca”*-dependent inactivation of L-type Ca®"
channels, these processes do not significantly influence the
triggering of CICR during the whole-cell voltage clamp
protocols that are used in this article to validate the moment-
closure technique.

Combining the six-state RyR megachannel model with the
two-state L-type channel model yields a 12-state CaRU

model that takes the form

¢, = 6 = (G

1] 1] 1]
oc, = 0C, = 0OCs

where horizontal and vertical transitions are governed by Egs.
13 and 14, respectively, and the first character (C or O) indicates
the state of the DHPR while the second character (Cy,C,
C3,Cy,Cs, or O) refers to the state of the RyR megachannel.
Note that the 12X 12 infinitesimal generator matrix (some-
times called the Q-matrix) that collects the rate constants of the
CaRU model (Eq. 16) can be written compactly in the form

Q = K¢(V) + Cys de + Cisr stra (17)

where the elements of K (V) are the Ca”—independent tran-
sitions (both voltage-dependent and voltage-independent with
units of time '), and the elements of K4 and K;y are the
association rate constants for the transitions mediated by diadic
subspace (c4s) and junctional SR (cjs) [Ca®™], respectively (with
units of concentration” ' time™'). Although noncooperative
binding of Ca”" is not a formal requirement for the applica-
tion of the moment-closure technique, for simplicity we will
assume the CaRU model is written in the form of Eq. 17.

Univariate probability density model

The moment-closure technique begins with the equations for
a univariate probability density model of local control of
Ca**-induced Ca’" release in cardiac myocytes (18). We
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write pi(cjs,, 1) to denote probability density functions for the
distribution of [Ca®*] in a large number of junctional SR
compartments jointly distributed with CaRU state, that is,

pi(cjsr; t) dC.iSf = Pr{cj“ < é.iSf(Z) < C_isr + dcj“
and S(r) = i}, (18)

where i is an index over CaRU state, and the tilde in ¢;,; and S
indicate random quantities. For these densities to be consis-
tent with the dynamics of the Monte Carlo model of cardiac
EC coupling as N — oo, they must satisfy a system of
advection-reaction equations of the form (18,22,23)
ap' 0 i i
o = e, PeP1 0. 19

where 1 =i = M, M = 12 is the number of states in the CaRU
model, Q is the M XM generator matrix (Eq. 17), the row-
vector p(Cigr, 1) = (pl, p2, - pM) collects the time-dependent
probability densities for the junctional SR [Ca®*] jointly
distributed with CaRU state (Eq. 18), and [pQ]' is the i
element of the vector-matrix product pQ.

Note that the factor er(cjsr) in Eq. 19 describes the de-
terministic aspect of the time-evolution of cj;, when the
CaRU is in state i. That is, consistent with Eq. 3 we have

c, = € = O

11 11 10 (16)
oc, = 06 = 00

i 1 i
fjsr = )\T(‘I;{;ﬁll - ‘yrer;I)‘/r)

jsr
1 T i T —i
= )\T(vreﬁll [cnsr - CJ'ST] - ywrvryr [str - Cds])’ (20)
jsr
where 1 =i = M and c,_ is a function of CaRU state, the local
junctional SR [Ca®"], and the bulk myoplasmic [Ca**]
analogous to Egs. 9-11,
Ezls = Eiis.() + Eiis,l str, (21)
where

i T,0 T
ydhpr"dhpr + vefﬂux Cm)’(’ (22)

—i
C = T B
ds,0 i T T i T,1

yryrvryr + vcf flux ydhprthpr

i T

—i _ yryrvwr 23
Cos1 = 7 T T T (23)

yryrvryr Vef flux ydhpr dhpr

In these expressions, the quantities yghpr and yiryr take values
of 0 or 1 depending on whether the respective component of
the CaRU model is closed or open, and J;r};gr and Jg};;r are

functions of plasma membrane voltage defined by

M
T i TO |, i 4TI
J dhpr — Z Y ahpr ¥ ahpr T Cas. dhpr)7 (24)
i1
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where J}hpr is the total flux through the L-type Ca®" channels
(Eq. 58).

Conversely, the reaction terms ([pQ]i) on the right-hand
side of Eq. 19 correspond to the stochastic aspect of the
CaRU dynamics (i.e., changes in probability due to the sto-
chastic gating of the RyR megachannel and DHPRs). This
term involves processes that may depend on the junctional
SR [Ca"] directly (as in the transition CCs— CO) or indi-
rectly (as in the transition CC4— CCs), as well as terms de-
pendent on the membrane voltage (such as the transition
CCy— OC)). Using the decomposition of Q given by Eq. 17,
one can see that [pQ]i is a function of V and cj given by

jsr

=Y Ky + e + 6 KL

j=1
M
= 20K+ G K (@, KL KD 29)
st
where Kg(V) provides the voltage-dependence, the super-
scripts of K ', KJ;!, and KJ ! indicate row and column indices
of these matrices, p(Cjq» t) is the probability density for state
J»and ¢, and ¢} are given by Eqs. 21-23.

The concentration balance equations governing the bulk
myoplasmic (Cmyo) and network SR (cper) [Ca”] in the
probability density formulation are identical to those used in
the Monte Carlo approach (Egs. 1-2), except that the fluxes
Jogy and J g, are dependent on the densities (pj,,); that s,

Ie]
ref 1n Z

i=1J0

et flux Z

i=1J0

J“] p|sr( sty )dcjsn (26)

reflll[ Cogr —

C"‘y‘)] pjsr (Lj\ra )dC jsro (27)

et flux [ ds

where ELS is a function of ¢j, (Eq. 21).

RESULTS

Moments of junctional SR [Ca®*]

The application of the moment-closure technique to the local
control model of Ca®" -induced Ca® " release (CICR) in cardiac
myocytes presented above begins by writing the ¢™ moment of
the univariate probability density function, pi(cjsr, 1), as

M;(t) = /(str)qpi(cjsryt)dcjsrv (28)

where the nonnegative integer ¢ indicates the moment degree
in ,u and is an exponent in (str)Cl As defined in Eq. 18, p (cjsr,
1) is the distribution of [Ca** ] in a large number of junctional
SR compartments jointly distributed with CaRU state. Thus,
the zero™ moment ,u}) corresponds to the probability—
denoted as 7Ti(t) in Williams et al. (18)—that a randomly
sampled CaRU is in state i; that is,

70 = ih(0) = [ 9 e = Pr(S(0) =1,
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where conservation of probability implies Ziﬂi = 1. Be-
cause the joint probability densities do not individually
integrate to unity, the first moment,

luil (t) :/ J*Tp( Cisrs )dcjsr

is related to the expected value of the junctional SR [Ca®"]
conditioned on CaRU state through

By
o

] = (29)

while the conditional variance of the junctional SR [Ca**]is

2

Var'[e,] =2 — <“I> . (30)
Mo Mo

Expressing fluxes in terms of moments

Considering Egs. 1 and 2 and Egs. 26-27, one sees that the
fluxes J %, and J T, mediate the influence of the distribution
of diadic subspace and junctional SR [Ca®"] on the dynamics
of the bulk myoplasmic [Ca2+] (¢myo) and the network SR
[Ca2+] (Cnsr)- Using the definition of the moments of junc-
tional SR [Ca®"] (Eq. 28), these fluxes become functions of
the zero™ and first moments,

i
renll Zvrenll ‘nﬂr:“o ©y)

i=1

Jefﬂux Z Vet iux (€. dsO Mo + Cds 1 IJ“I Canyolky) - (31)

i=1

Similarly, the total flux through all the L-type Ca®" channels
(Jdhpr> Eq. 24) and the RyR Ca”" channels (/) become

dhpr Z ydhpr [ dhpr’“LO +J dhpr(clds.o /J“:) + EiisA,l I’Lll)] ;. (32

and

‘yiryr (I"Lil - Eiis.O I"L:) - E::ls.l Iu“il)' (33)

=

T
o =

i=1

Note that the average diadic subspace and junctional SR
Ca®" concentrations can also be written in terms of the
moments,

co’ = E[Ca] = Y mE Gy + oy ]
i=1

Mz

(Cdbo :u“o + Cds 1 V“l) (34

i=1

M
¢t = B[] = Y, mE[64] Z w, (35)
i=1

T _ T avg , avg
and Jef flux = Vef flux [Cds - Cm)’o] and ‘Ireflll - Vrefill [Cnsr_ str ]
when expressed in terms using these quantities.
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Derivation of moment equations

Differentiating Eq. 28 with respect to time and using the
equations of the univariate probability density approach (Egs.
19-25), we obtain a system of ODEs that describe the time-
evolution of these moments defined in Eq. 28,

dp, _quy.
dt AL

jsr

where M =12,1=i=M,q=0,1,2,...,and ¢ ,and C)
are given by Egs. 22 and 23. In this expression the CaRU
model is specified by the M X M matrices Ky, Kgs, and K
defined in Eq. 17, and the superscripts in K3', K, and K},
indicate the transition rate or bimolecular rate constant in the
/™ row and i™ column of these matrices. Note that, in the M
equations for the zero™ moments (ub), the first two terms
evaluate to zero because ¢ = 0. When g = 1, the first term
depends on both the network SR [Ca”] (cnsr) and the bulk
myoplasmic [Ca®"] (Cmyo) through Zst o- The terms in the first
summation have a similar dependence on ¢y, and this can
affect transitions mediated by diadic subspace Ca** (Kfj;)

and the magnitude of these terms depends also on voltage
through KJ (V). Perhaps most importantly, the presence of
diadic subspace and junction SR Ca”*-mediated transitions
1n the CaRU model implies that du/ /dt is a function of

Mqﬂ,,uqﬂ7 .-+, iyt whenever K¥ or KJl is nonzero. That s,
Eq. 36 is an open system of the form
du
70 _fo({:uo} {I“(‘l}) 37
:U«; i i i i —1.2.3 38
W_f;q({l“(‘q—l}7{/‘l‘q}7{/‘l‘q+l}) q=1,2,3,..., ( )
where we write {,u:l} as a shorthand for ,u,}l,p%, . 7,u,qM.

Consequently, Eq. 36 is unusable in its current form, because
to determine the time-evolution of the g™ moments one needs
to know the value of the (¢+ 1)th moments.

Moment closure

To utilize Eq. 36, we truncate the open system at the second
moment (¢ = 2) and close the system of ODEs by assuming
that the third moment can be expressed as an algebraic
function ¢ of the lower moments (i, u, ub); that is,

d“° A (), (39)
d“l A ) ), (40)
%—fz({m (o} (b, i i)}, @D
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The remainder of this section derives the required expression
of the form pi = ¢(ud, ui, ub) (Egs. 48-53). This is ac-
complished by specifying the function ¢ in a manner that
would be strictly correct if the probability density functions
were scaled B-distributions. Note that choosing this form of

QMq

( + ) + ( T i T A T )
vrctlll Cngr yryr vryr Cdi 0 )\T yryr vryr Cdi 1 Vrcﬁll ywr Vryr

jsr

M
+Z (K“_’_ClclsoKJl +Z“’q+1 dle“ Kj‘s:') (36)
=1

¢ to perform the moment closure given by Egs. 3941 is not
equivalent to assuming that the probability density functions
are well approximated by B-distributions. What we are as-
suming is that the relationship between /.Li3 and the lower
moments (uh, ul, u) is similar to the relationship observed
in the B-distribution. This assumption is validated a posteriori
by evaluating the accuracy of results obtained using this
approach (see Figs. 2-6).

The derivation begins by considering a random variable
0=x=1 that is functionally dependent on ¢, through
G — Gy

where 8¢, = ¢ — A (42)

X = jst st

6str
In this expression the minimum and maximum values of

junctional SR [Ca *] are given by J‘:‘r‘“ = mln,cJ and ¢ =

jst

max,cJgr where ¢ cqu are the steady-state values of ;s found by
setting fi;, = 0 in Eq. 20,
T
Ei _ yryr ryrcdq 0 + vrcﬁllcnsr
st T _i ’
! rctlll + 7 V (1 - Cds.])

where ¢ cdS oandc cdq , are given by Eqs. 22 and 23. In this way,

the maximum and minimum junctional SR Ca** concentra-
tions are determined to be
Clo = Cogr (43)
min VI V;l;fill
Cer = VT + VT ] Cmyo + VT VT . Chsry (44)
* refill * refill

where vI = Vryrvefﬂux / (v VL aue)- If the probability den-
sity for ¥ conditioned on CaRU state i were B-distributed,

then

xai*l(l - x)ﬁi*l dx
B(a/,B)

where the B-function B(a_i, B appears as a normalization

constant and %(¢), S(¢), &'(¢), and B'(r) are all functions of

time. Under this assumption, the first several conditional
moments of X would be

Prix<i<x+dx|S=i} =

;o (45)

Bl =" ‘i 5 (46)
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FIGURE 2 The response of the whole cell model during a 20-ms step
depolarization from a holding potential of —80 mV to —10 mV (bar) with
the Monte Carlo and moment-closure results indicated as a shaded line and
solid line, respectively (From top to bottom) Average diadic subspace
[Ca2+] (}Y®), total Ca®* flux via the DHPR Ca>" channels (Jdhpr)» total
Ca*"-induced Ca* release flux (JrTyr) and average junctional SR [Ca®*]
(¢isf). The Monte Carlo simulation used N = 1000 Ca®" release units and

parameters as in Tables 2—4.

Ei & = - a?(ai .+ 1) 4
[x] (al +Bl)(al +Bl + 1)7 ( 7)
and inverting these expressions gives
i~ i~ ir~2

E[€] - (B[]
. i(1-E

= ——ira |- 49

g “<Em) @

Note that Eq. 42 implies the following relationship between
the conditional moments of £ and &,

1
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FIGURE 3  Solid lines show the dynamics of bulk myoplasmic (cpy,) and
network SR (cpg,) [Ca®"] in the whole-cell voltage-clamp protocol of Fig. 2
with step potential of —10 mV (note longer timescale). The dashed and solid
lines are the Monte Carlo and moment-closure results, respectively.
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. 1 (u .
Bl = s (B ), (50)
86_]51‘ Mo J
i 1 M 'P«i iny2
E'[¥] = =220+ (), 51
[ } (66'1‘51—)2 <,LL:) jst M:) ( jsr ) ) ( )

where we have used IU«q mhE'(cjsr) '] for g =0, 1, and 2;
consequently, o 'and B' can be found as a function of MO, M5
and w,. These parameters allow us to approximate the third
conditional moment of ¥,

o' (o' + 1)(a' +2)
(@' + B +B + 1) +8 +2)

E'f'] = (52)

which, in turn, allows us to approximate the third conditiongl
moment of junctional SR [Ca®*] given by ul = piE'[(¢i)”]
where

El(64)'] = E'[0cf +")’]
= (8¢i) B[] + 3(8cy) ¢y E[¥]
= 38¢ (e VE [ + ().
After some simplification one obtains
EIF) + 3w — 3R+ ()
(53)

i i 3
M = My (8cis)

which is an expression that takes the form ,u; = ¢7(,u,6,
pi, puh) as required by Eq. 41, because E'[#] is a function
of ;L}” wl, and ub given by Eqgs. 48-52.

Note that the expression wh = ¢(ul, i, ub) derived
above is one of several possibilities that we tested, but the
only one that could be validated. For example, when ¢ was
chosen in a manner that would be strictly correct if the
probability densities were scaled normal or log-normal dis-
tributions, the resulting moment closure did not perform well
(not shown). Using the B-distribution to derive ¢ makes
sense because it is a continuous distribution defined on a fi-
nite interval. In addition, for particular values of o' and 8, the
B-distribution (while remaining integrable) diverges at the
boundaries (¥ = 0 or 1). Similarly, prior work has established
that the densities pi(cjsr, f) can accumulate probability at the
minimum and maximum junctional SR Ca®" concentrations
(Egs. 43 and 44) and diverge as cji: = Ciar min o Lm‘”‘ (18,22). As
mentioned above, the use of the B—distrlbunon to derive ¢ is
ultimately validated by evaluating the accuracy of results
obtained using this approach (see Figs. 2-6).

Representative Monte Carlo and
moment-closure results

Fig. 2 shows representative results from the minimal whole
cell model of EC coupling described above. In this simulated
voltage-clamp protocol, the holding potential of —80 mV is
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FIGURE 4 Comparison between results obtained from
Monte Carlo (shaded line) simulations and moment-closure
approach (solid line) for the probability (), the conditional
expectation of cjq; (E [{‘jsr] ), and the conditional variance of
Cior (Var' [c"jsr] ), for three selected CaRU states, CC; (left
column), OO (middle column), and CO (right column). The
Monte Carlo simulation used N = 2000 Ca>" release units.
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followed by a 20-ms duration test potential to —10 mV. The
Monte Carlo result (shaded line) which involves a large but
finite number of Ca®" release units (N = 1000) can be easily
spotted by the fluctuations due to the stochastic gating of the
CaRUs. The moment-closure result (solid line) that assumes
N — oo lacks these fluctuations. The top and bottom panels

of Fig. 2 show the average diadic subspace (cj® =
N7'Y. ) and junctional SR (cigf = N7'Y. 1 cf) Ca®"

concentrations in the Monte Carlo calculation (shaded lines)
as well as the corresponding quantities from the moment-
closure calculation (solid lines, Eqs. 34 and 35). The middle
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FIGURE 5 Histograms of junctional SR [Ca®>"] conditioned on CaRU
state obtained by Monte Carlo simulation (+ = 30 ms in Fig. 2). Solid
diamonds show S-distributions with same mean and variance. Each panel
corresponds to one of four agglomerated states of the CaRU: CC, DHPR and
RyR megachannel both closed; OC, DHPR open and RyR megachannel
closed; CO, DHPR closed and RyR megachannel open; and OO, DHPR and
RyR megachannel both open.
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two panels of Fig. 2 show the total Ca®" influx through L-type
Ca®" channels ( th . Zn Jahpr) @nd the total Ca®" release
from the RyR Ca* * channels (/ 1P =N Jn ) for the Monte
Carlo calculation (shaded lznes) as well as the correspondlng
quantities for the moment-closure result (solid lines, Eqs. 32
and 33). In both the Monte Carlo and moment-closure cal-
culations, the test potential of —10 mV leads to 16X gain,
here defined as the ratio err /]ghpr, where the overbar indi-
cates an average over the duration of the pulse.

- DHPR Ca?* flux r40
- -+ RyR Ca®* flux
— EC coupling gain

1_

Normalized integrated flux
Gain

V(mV)

FIGURE 6 Summary of whole-cell voltage-clamp simulations such as
those presented in Figs. 24 normalized to emphasize gradedness of Ca>*
release with respect to membrane potential and Ca** influx. Moment-
closure results (solid and broken lines) agree with Monte Carlo calculations
(open symbols) for a range of test potentials. Integrated Ca*>" influx via
L-type channels (]}hpr) is shown as open circles (Monte Carlo) and dotted
line (moment closure). Integrated RyR flux (]rTyr) is shown as open squares
(Mome Carlo) and dashed line (moment-closure). EC coupling gain

oy /thpr7 right axis) is shown as open diamonds (Monte Carlo) and solid
line (moment-closure).
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Fig. 3 shows [Ca”] in the bulk myoplasm (cpy,) and
network SR (c,) before, during, and after the —10 mV
voltage pulse (note change in timescale). In both cases the
moment-closure result is shown as a solid line while the
Monte Carlo is displayed as a dashed line (note agreement).
While junctional SR depletion develops rapidly after the in-
itiation of the voltage pulse (not shown), refilling the junc-
tional SR compartments via diffusion of Ca** from the
network SR (JI.s;; in Eq. 2) depletes this compartment (Cp),
which does not fully recover until ~300 ms after the termi-
nation of the voltage pulse.

Taken together, Figs. 2 and 3 validate our implementation
of both the Monte Carlo and moment-closure approaches.
Also note that the similarity of these results to Figs. 2 and 3 in
Williams et al. (18) indicates that the six-state RyR mega-
channel model (Eq. 13)—used here because it takes the form
of Eq. 17—has behavior similar to the two-state model of
Williams et al. (18).

Dynamics of the moments of
junctional SR [Ca®*]

The top row of Fig. 4 shows the time evolution of the
probability of three selected CaRU states during the simu-
lated voltage-clamp protocol of Figs. 2 and 3, as calculated
using both the Monte Carlo (shaded lines) and moment-
closure (solid lines) methods. Before the voltage pulse, the
probability of state CC; (DHPR in state C and RyR in state C;,
see Egs. 13-16) is ~1, but during the voltage pulse to —10
mV this probability drops to ~0.78 (2040 ms). Conversely,
the probability of CaRU state OO (DHPR open and RyR
open) and CO (DHPR closed and RyR open) both increase
during the voltage pulse. The dynamics of voltage-dependent
activation of DHPRs and subsequent triggering of the
opening of RyR megachannels is similar in both the Monte
Carlo (shaded lines) and moment-closure (solid lines) cal-
culations.

The second row of Fig. 4 shows the mean junctional SR
[Caz+] conditioned on CaRU state for the Monte Carlo (shaded
line) and the moment-closure (solid line) techniques. In the
Monte Carlo calculation this conditional mean is given by

(a1 Z & (54)

nen'

where N'(7) is the number of CaRUs in state i at time ¢ and

ni(t) = {n: 8" =i} so that the sum includes only those
CaRUs in state i. The corresponding quantity in the moment-
closure technique is the conditional expectation E'[cis] =
wl/uh (Bq. 29). Note that before the voltage pulse the
expectation of SR [Ca”*]is ~1000 uM when conditioning
on CaRU state CCy, 851 uM when conditioning on CaRU
state OO, and 306 uM when conditioning on CaRU state
CO. That is, at the holding potential of —80 mV, the
stochastic gating of CaRUs leads to depletion of junctional
SR [Ca®"] associated with release sites with open RyR
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megachannels (more pronounced in CO than OO because
the former state is longer-lived). However, the probability of
CaRU states OO and CO is very low at —80 mV and, con-
sequently, the expectation of junctional SR [Ca "] irrespec-
tive of CaRU state given by the weighted average

<CJST =5 ZN< J>r>

in the Monte Carlo model and

M

6l = Y, B (6] = 1)

in the moment-closure calculation is ~1000 wM, consistent
with Fig. 2. Also note that during the voltage pulse the con-
ditional expectation of junctional SR [Ca2+] decreases for
CaRU states CC; and OO, but first increases and then de-
creases for CaRU state CO, presumably because the increas-
ing probability of state CO during the pulse is due to CaRU
transitions into this state from others (such as CC;) that have
higher resting junctional SR [Ca®"].

The third row of Fig. 4 shows the variance of the junctional
SR [Ca2+] conditioned upon the CaRU state for the Monte
Carlo (shaded line) and the moment-closure (solid line)
techniques. For the Monte Carlo calculation

2 2
<(C;‘15r - <Cjar = Z Jgr <str )

nEﬂ

where N' and 7'(¢) are defined as in Eq. 54, while the corre-
sponding conditional variance of the junctional SR [Ca*" ] in the
moment-closure calculation is Var'[¢] = wb/ph — (1l /ud)?
(Eq. 30). Note that during the voltage pulse the conditional
variance of ¢ increases, as the dynamics of EC coupling lead to
increased heterogeneity of junctional SR [Ca®*], and that the
moment-closure technique accurately accounts for this hetero-
geneity (compare shaded and solid lines).

The distribution of junctional SR [Ca®*]
conditioned on CaRU state

Fig. 5 shows a snapshot of the distribution of junctional SR
[Ca®™"] (cjsr) conditioned upon the state of the Ca’" release
unit at t = 30 ms, midway through the voltage pulse protocol
of Figs. 2—4. For clarity, the five closed states of the RyR
megachannel (C,C,, - - -, Cs in Eq. 13) have been lumped re-
sulting in a contracted presentation with four CaRU states: CC,
CO, OC, and OO, where CC=CC,---CC5 and OC =
OC - - - OCs (Eq. 16). Thus, the two histograms on the bottom
of Fig. 5 indicate the distribution of JSR [Ca®"] when the
DHPR is open (7€ + 79 = 0.05), while the two histograms
on the right of Fig. 5 indicate the distribution of JSR [Ca®"]
when the RyR megachannel is open (7 +79° = 0.16).
Fig. 5 shows a broad range of junctional SR [Ca®*] re-
gardless of CaRU state, consistent with the high variances at
t =30 ms in Fig. 4. For example, when the RyR megachannel
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is closed (CC and OC, left panels), a randomly sampled
junctional SR is likely to be replete, as indicated by the large
vertical bar at cj,, = 1000 p,M However, one can also find
depleted junctional SR [Ca®*] associated with closed RyR
megachannels, where RyRs have recently opened and the
junctional SR has not had time to refill. Conversely, when the
RyR is open (CO and OO, right panels), the probability mass
has shifted to lower junctional SR [Ca%™].

The diamonds of Fig. 5 show -distributions with the same
mean and variance as the histograms obtained from Monte
Carlo simulation. While the agreement is noteworthy, this
correspondence is not required for the moment-closure tech-
nique to work well. What is required is that the relationship
between the third (u}) and lower (ul), wi, ub) moments in the
histograms is similar to that observed in the 3-distribution. For
example, the histogram junctional SR [Ca®*] for CaRU state
CO at t = 30 ms has moments of u§® = 0.14, uf° =35.3
uM, uSO =1.59 X 10*uM?, and uf° =9.17 X 10°uM>.
When moments 02 are used to estimate the third moment
using Eq. 53 with cmm = 22 and ¢jg™ = 981 uM (Egs. 43 and
44), one obtains M3 =9.18 X 10°uM?, for a relative error of
only 0.1%. It is this low error that is responsible for the ex-
cellent agreement between the moment-closure result and the
Monte Carlo calculation observed in Figs. 2—4.

The model displays gain and gradedness

To further validate the moment-closure approach by com-
parison to Monte Carlo simulation, Fig. 6 summarizes a large
number of simulated whole-cell voltage-clamp protocols
such as those presented in Figs. 2—4. The open circles of Fig.
6 show the trigger Ca>" influx via L-type Ca>" channels
integrated over the 20-ms voltage step to test potentials in the
range —40 to 40 mV using 1000 CaRUs (the plot is nor-
malized to maximum value of J, }h =0. 038 uM). The dotted
line of Fig. 6 shows that the trigger Ca>* influx in the mo-
ment-closure calculation agrees with the Monte Carlo sim-
ulations. Similarly, the open squares of Fig. 6 show the
voltage-dependence of the Ca”* release flux (normalized to
maximum value of J/, JL.=0. 678 uM), while the dashed lines
of Fig. 6 show that the Ca’" release flux observed in the
moment-closure calculation agrees with the Monte Carlo
simulations. Note that the Monte Carlo and moment-closure
calculations exhibit graded Ca®>" release. Furthermore, the
EC coupling gain (J,/J4,,) is a decreasing function of
voltage, in the range of 32-15X for test potentials between
—40 and 0 mV. Most importantly, the Monte Carlo and
moment-closure calculations are nearly identical (compare
open diamonds and solid line).

Computational efficiency of the
moment-closure approach

While the previous sections have shown that the moment-
closure and Monte Carlo calculations are essentially equiv-
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alent in terms of the dynamic cellular responses they predict,
it is important to note that the moment-closure approach is
significantly faster than Monte Carlo simulation. The Monte
Carlo simulations presented above are performed using At =
0.01 ws, a value chosen so the probability of transition oc-
curring in each CaRU is <5% per time step. Table 1 shows
that the run time for these 60-ms simulations increases ap-
proximately linearly with the number of CaRU units; for
example, an N = 10,000 simulation takes ~11 times longer
than a N = 1000 simulation. When our current im-
plementation of the moment-closure method is employed
using a nonadaptive time step of Az = 0.01 us, the run time is
95 min, which is ~100 times faster than Monte Carlo sim-
ulations with a physiologically realistic number of CaRUs
(e.g., N =10,000). However, a time step of 0.01 ws is much
smaller than required for integrating the moment-closure
ODEs. When this artificial constraint is removed and the
moment-closure approach is benchmarked using a non-
adaptive time step as large as numerical stability will allow,
the calculations are 8755:0.9 = 9728 times faster than Monte
Carlo simulations containing N = 10,000 CaRUs. That is, the
computational efficiency of the moment-closure approach is
nearly four orders-of-magnitude superior to physiologically
realistic Monte Carlo simulations, while leading to nearly
identical results (see Figs. 2—4, and 6). Furthermore, inte-
gration methods that utilize adaptive time-stepping are likely
to further enhance the computational advantage of the mo-
ment-closure approach to modeling local control of EC
coupling.

Restitution of CICR studied using
moment-closure approach

To show how the computational efficiency of the moment-
closure approach facilitates studies that can provide biophysical
insight, we present a study of the restitution of Ca*"-induced
Ca’" release during simulated two-pulse voltage-clamp
protocols (see (24)). As diagrammed in the inset, Fig. 7 A
plots the rat10 of the integrated release during the two pulses
ryr jr@ /err ) as a function of time between the end of the first
pulse and beginning of the second (denoted by 7). Using the
standard value for the maximum reuptake flux (v%, ., = 8.6
uM ™" s71), the time constant for recovery of CICR is ~93

ms. Increasmg or decreasing v . by 20% (dashed and

TABLE 1 Run times required for a 60-ms simulation such as
that presented in Fig. 2 using both Monte Carlo and
moment-closure approaches

At (us) N Time (min)
Monte Carlo 0.01 100 50
0.01 1000 794
0.01 10,000 8755
Moment closure 0.01 — 95
1 — 0.9
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TABLE 2 Model parameters: volume fractions, Ca%*
buffering, and exchange between restricted domains and the
bulk, physical constants, and fixed ion concentrations

Parameter Definition Value

N Number of diadic subspaces 50-20,000
Viase Network SR volume 3.15 X 1077 uL
Vayo Myoplasmic volume 2.15 X 107 uL
VE = NVgs Total diadic subspace volume 2 X 1078 uL
Vig = NVig Total junctional SR volume 245 X 1078 uL
Cn Capacitive membrane area 1.534 X 107* uF
Bas Subspace buffering factor 0.5

Bist Junctional SR buffering factor 0.065

B Network SR buffering factor 1.0

Bmyo Myoplasmic buffering factor 0.05

VIam = A;r /Tern Junctional SR refilling rate 0.018 s !
Vhie = AL/ Tetux Diadic subspace efflux rate 5257

Faraday’s constant 96,480 Coul mol ™!

R Gas constant 8314 mJ mol ' K~!
T Absolute temperature 310 K

Cext Extracellular Ca>* concentration 1.8 mM
[Na™loxe Extracellular Na* concentration 140 mM
[Na+]my0 Intracellular Na* concentration 10.2 mM

dotted lines) leads to a time constant for CICR recovery of 80
ms and 120 ms, respectively. This result is qualitatively
consistent with the results of Szentesi et al. (24), and the
hypothesis that restitution of calcium release depends pri-
marily on refilling of local SR calcium stores (24-26). As in
Fig. 2, the moment-closure approach was validated by
comparison to Monte Carlo simulation using these alternate
values of v1, . and an interpulse interval of 7 = 20 ms (not
shown).

The solid symbols in the four panels of Fig. 7 B show that
in each of these three cases the expected value of the junc-
tional SR [Ca®*] at the beginning of the second pulse is an
increasing function of the interpulse interval 7. Also shown
are the distributions of junctional SR [Ca**] consistent with
the conditional expectations and variances observed in the
moment-closure model at the time of the second pulse begins
when 7 = 0.02, 0.06, 0.1, and 0.2 s. Note that the rightmost
extent of these distributions indicates the network SR [Ca2+]

TABLE 3 Ca®" release unit parameters (L-type Ca®>* channel
and RyR cluster)

Parameter Definition Value
V= Nvey, Total RyR cluster release rate 095"
Pffhpr = NPgny:  Total DHPR permeability 35X 107 cms™!
Viipr DHPR activation threshold —10 mV
O dhpr DHPR activation parameter 6.24 mV
]E(Elpr Maximum rate of DHPR opening 556 57"
Kanpe Closing rate of DHPR opening 5000 57"
Kanpr Rate of DHPR closing 5000 s~
e Rate of RyR activation 2000 uM 57!
Kegr Rate of RyR deactivation 1600 s~
Koy e Rate of RyR opening 40 uM 57!
A Rate of RyR closing 500 s~
a Cooperativity factor 2
B Cooperativity factor 2
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TABLE 4 Model parameters: Na*-Ca2* exchange current,
SERCA pumps, and background Ca®* influx

Parameter Definition Value

K, Forward half-saturation constant 0.17 uM
for SERCA pump

K Reverse half-saturation constant 1702 uM

Ngs Forward cooperativity constant 0.75

Mrs Reverse cooperativity constant 0.75

Vserca Maximum SERCA pump rate 8.6 uM s™!

I Magnitude of Na*-Ca* 150 uA pF™!
exchange current

Kicx. n Na™ half-saturation constant 87.5 X 10° uM

Knex, ¢ Ca®* half-saturation constant 1.38 X 10° uM

K Saturation factor 0.1

Mnex Voltage dependence of 0.35
Na*-Ca®" exchange

Vieak SR Ca* leak rate constant 24 %X 107%s7!

8in Maximum conductance of 9.6 X 107> mS uF~!

background Ca®™ influx

in the corresponding simulation (¢js = Cps), and the fully
recovered distribution (dotted lines) has an expectation of
~1000 uM (open triangle). Note that the variance of the
junctional SR [Ca”*] decreases as a function of the interpulse
interval 7 (compare widths of distributions).

Fig. 8 shows the recovery of the network SR [Ca®"]
(dotted line), the junctional SR [Ca2+] (solid line), and the
average concentration when the two compartments are ag-
gregated according to their effective volumes (dashed line).
This last measure represents the total SR content as would be
assessed experimentally via the rapid application of caffeine.
Importantly, the restitution of CICR as probed by the ratio of
the integrated release (ery(r2> /]rTy(rl), solid circles) is consistent
with the recovery of the junctional SR [Ca*"], but not con-
sistent with recovery of the network SR [Ca’*] or the ag-
gregate concentration.

Fig. 9 A is similar to Fig. 7 A except that, in this case, the
rate of calcium diffusion from network SR to junctional SR
(vEsy) is modified from the standard value of vLg, = 0.018
uM ! 57! Despite the fact that the restitution of CICR fol-
lows the recovery of junctional SR [Ca”*] (see Fig. 8), the
time constant of CICR restitution is less sensitive to the
junctional SR refill rate (vIy) than the maximum SERCA
pump rate (vl ). For example, increasing or decreasing
Vg by a factor of 2 (dashed and dotted lines) leads to a time
constant for CICR recovery of 91 and 105 ms (similar to the
standard value of 93 ms). Conversely, the extent of junctional
SR depletion at the end of the first pulse ranges from 51-65%
in Fig. 9 A and 58-59% in Fig. 7, and thus appears to be more
sensitive to the value of v\, than v1, , (arange proportional
to the parameter variation in Fig. 9 A in the former range
would span 2.5 rather than 14%).

Consistent with these observations, Fig. 9 B shows that the
expected value of junctional SR [Ca?*] increases with in-
creasing interpulse interval 7 and that decreased values of
v lead to increased depletion (compare solid triangles).
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FIGURE 7 CICR restitution study using a simulated two-pulse voltage-
clamp protocol and different values of the maximum reuptake flux vI .
(A) Ratio of the integrated release during the two pulses (]3;2) /],Ty(,l)) as a
function of time between the end of the second pulse and beginning of the
first (7). Parameters: vSTerca = 6.88 (dotted line), 8.60 (solid line), and 10.32
;1,M71 s~! (dashed line), and as in Tables 2—4. (Insef) Timing of voltage
pulses from —80 to —10 mV. (B) Distributions of junctional SR [Ca”]
consistent with the conditional expectations and variances observed in the
moment-closure model at the beginning of the second pulse when 7 = 0.02,
0.06, 0.1, and 0.2 s. Dotted, solid, and dashed lines indicate value of v;rm,a as
in panel A. Solid symbols indicate the expected value of junctional SR
[Ca*] given by E[Gj«r] = Ziv'riEi [Gisr] and Eq. 29. The solid line and open
triangles correspond to the initial (and fully recovered) distribution.

Comparison of the reconstructed distributions indicates that
decreased v© slows the recovery of junctional SR [Ca®"]
and leads to increased heterogeneity, i.e., higher variance in

junctional SR [Ca®"] (compare dotted and solid lines).

DISCUSSION

In previous work (18) we showed that the probability density
approach to modeling local control of Ca®* release in cardiac
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FIGURE 8 Recovery of the network SR [Ca*!) (Cjsr» dotted line), the
junctional SR [Ca®*] (Cnsr» SOlid line), and the average concentration when
the two compartments are aggregated according to their effective volumes
(Cnsr&jsr dashed line). (Inset) Timing of voltage pulses from —80 to —10 mV
and representative cj trace. Solid circles show CICR restitution observed in
Fig. 7 A. Standard value of v = 8.60 uM ™' s " used.

serca

myocytes can be 30-650 times faster than traditional Monte
Carlo simulations when the probability densities are univar-
iate (i.e., functions of the junctional SR [Ca2+] but not ex-
plicitly functions of diadic subspace [Ca2+]). The derivation
of the moment-closure technique presented in this article
begins with a univariate probability density formulation, but
the resulting simulations are nearly 10,000 times faster than
Monte Carlo (see Table 1). For the whole-cell model that is
the focus of this article, the moment-closure technique is thus
significantly more efficient that our previously presented
univariate probability density method (18).

Although the computational efficiency of the moment-
closure technique in this local control context is exciting, it is
important to note that the relative merits of Monte Carlo,
probability density, and moment-closure methods are in
general model-dependent. For example, the run time required
for the Monte Carlo simulations such as Fig. 2 is, at least
ultimately, an almost linear function of the number of CaRUs
(see Table 1). Similarly, we have observed that the compu-
tational efficiency of the univariate probability density cal-
culation presented in Williams et al. (18) scales linearly with
the number of Ca®™" release unit states (M) and the number of
mesh points used to discretize the junctional SR [Ca®*].
Because the moment-closure approach results in 2 + 3M
ODEs (bulk myoplasmic [Ca®"], network SR [Ca’*], and
ph, ui, and wl for each CaRU state), the computational de-
mand of the moment-closure approach is expected to scale
linearly with M. That is, increasing the number of CaRU
states could reduce the computational advantage of the mo-
ment-closure approach relative to Monte Carlo.

While the CaRU model used here to introduce and validate
the moment-closure approach includes a two-state DHPR
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model and a six-state RyR megachannel (Eq. 16), the success
of the moment equations (Eq. 36 and Egs. 39—41) and mo-
ment-closure using pl, = ¢p(ud, ui, ub) given by Eqs. 48-53
does not depend on the CaRU model; rather, any CaRU that
takes the form of Eq. 17 could be employed. For example, a
more realistic DHPR model that includes voltage and Ca®*-
dependent inactivation would allow integration of the mo-
ment-closure approach to modeling local control of CICR
and action potentials modeled using Hodgkin-Huxley-style
membrane currents. Similarly, a more realistic CaRU model
could be constructed as the composition of multiple RyR
single channel models. This approach will therefore allow for
the development of mechanistic, local control models that
can examine phenomena such as stochastic SR calcium leak
and bidirectional interactions between calcium transients
and action potential morphology. However, to maintain the
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computational advantage of the moment-closure approach
relative to Monte Carlo, the state-space explosion that inev-
itably occurs in compositional models is an important prac-
tical consideration. For example, one 12-state L-type channel
and 12 four-state RyRs leads to a CaRU model with M =
5460 distinguishable states and thus >16,000 ODEs, a value
approaching the 20,000 ODEs required in a 10,000 CaRU
Monte Carlo simulation.

The moment-closure approach presented here begins with
a univariate probability density approach to modeling het-
erogeneous junctional SR [Ca®"]. This was motivated by our
previous work in which we observed that model parameters
lead to rapid equilibrium of the diadic subspace [Ca”*] with
the [Ca?*] in the junctional SR and bulk myoplasm (18).
When junctional SR [Ca?*] was also assumed to be rapidly
equilibrated with the bulk myoplasmic and network SR Ca**
concentrations so that these local Ca®>" concentrations could
be expressed as algebraic functions of ¢pyo, Cpsr, and CaRU
state (21,27), the resulting model did not exhibit high gain
Ca®" release that is graded with membrane potential (not
shown). That is, the assumption that both diadic subspace
[Ca®"] and junctional SR [Ca®"] are in quasi-static equilib-
rium with bulk myoplasmic and network SR Ca*" leads to
unacceptable errors and cannot be employed to accelerate
this particular whole-cell model. This approximation has,
however, been successfully employed in previous studies of
cardiac CICR (21,27). It therefore seems likely that the model
simplifications that can be employed depend on the details of
both RyR gating and local concentration changes, issues that
are currently being extensively studied.

In situations where rapid equilibration of diadic subspace
[Ca®"] does not occur, the appropriate starting point for the
moment-closure approach is a bivariate probability density
model (18). While it is straightforward to derive the open
system of ODEs analogous to Eq. 36 for the time-evolution of
the moments of bivariate probability densities pi(cds, Cist> 1)
defined by

M;q (t) = / / pi(cds7 str: t) (Cds)p (str)q dcds dcjsm

we have yet to find a moment-closure method that works well
in the bivariate case. This would be an important further
development of the moment-closure approach as a compu-
tationally efficient alternative to Monte Carlo simulation of
the local control of EC coupling in cardiac myocytes.

APPENDIX: WHOLE CELL MODEL OF EC
COUPLING—FLUXES AND VOLUME RATIOS

The whole cell model of EC coupling that is the focus of this article includes
several fluxes that directly influence the dynamics of the bulk myoplasmic
and network SR [Ca”*]. For example, the Na*-Ca®" exchanger current that
appears in Egs. 1 and 2 identical in the Monte Carlo, probability density, and
moment-closure formulations and takes the form J,.x = —A/l,x/F Where
(2,10,28)

Biophysical Journal 95(4) 1689-1703
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+13 FV/RT +13 x—1)FV/RT
[Na } Cou oMex /RT [Na ] Coyo e(nmx JEV/

myo ext

Lex =1,

nex (K3 + [Na+ ]3 )(Kncx’c + Cex[) (1 + kz:(e(nn“7l)FV/RT) :

ncx,n ext

Am = CuPmyo/Vinyor Cext 18 the extracellular Ca®" concentration, and
[Na+]myo and [Na*]., are the intracellular and extracellular sodium con-
centrations, respectively (for parameters see (18)). The SERCA-type Ca-
ATPase flux that appears in Eqs. 1 and 2 includes both forward and reverse
modes (29) and is given by

J - (Cmyo/l(vfs)77f5 - (Cnsr/Krs)nrs
serca scrcal i (Cmyo/KfS)nf‘ + (Cnsr/Krs)n,s7

with parameters as in Williams et al. (18). In addition, Egs. 1 and 2 include a
leakage Ca*" flux given by

jleak = vleak(cnsr - Cmyo) .

Following Rice et al. (28), Eq. 1 includes a constant background Ca" influx
that takes the form J;,, = —A/[in/zF, where Iy, = gin(V — Ec,) and Ec, = (RT/
2F) In(Cex/Canyo).

The effective volume ratios Apg and Ajq, that appear in Egs. 2 and 3 are
defined with respect to the physical volume (Vy,y,) and include a constant-
fraction Ca>" buffer capacity for the myoplasm (Byo). For example, the
effective volume ratio associated with the network SR is

A

Vnﬁr Vngr nsr
pU— _i

- )
meo meo / B myo
with effective volumes defined by Vst = Vasr /Bne and meo = Vinyo/Bunyo-
Because each individual junctional SR compartment is assumed to have the
same physical volume (Vjy) and buffering capacity (Bjs), the effective
volume ratio that occurs in Eq. 3 is

T
Vjsr — Vjsr/ﬁjsr — l Vjsr/Bjsr (55)
meo meo /Bmyo N meo /Bmyo 7

)\jsr =

where the second expression defines Ajq, in terms of the total physical volume
of all the junctional SR compartments in aggregate (VJTsr = NVjs). Similar
assumptions and equations apply for the diadic subspaces so that the
definition of A4 follows Eq. 55. However, when rapid equilibration of
diadic subspace [Ca®*]is assumed, the volume ratio Ags 0o longer influences
the steady state (see Eqs. 8-11 and Eqgs. 21-23).

In the Monte Carlo model the trigger Ca®>" flux into each of the N diadic
spaces through DHPR channels (/. in Eq. 8) is given by

A
.y (56)

Jn
)
d z F dhpr

hpr =

where A, = CrBmyo/Vimyo- The inward Ca** current (I(‘;hpr =0) is given by

T -n V/Vy
P joor <zF V) Cpe ! —Ceu

In _.n
dhpr T ydhpr N

v ) ) o

where Vy = RT/zF, Pghpr is the total (whole cell) permeability of the L-type
Ca?* channels, and Ydnpr 18 @ random variable that is 0 when the L-type Ca?*
channel associated with the n™ CaRU is closed and 1 when this channel is
open. Thus, the quantities J§, = JdT];gr /N and J§,, = J‘;r];;,r /N required to
evaluate ¢y, (Eqg. 10) and ¢, ; (Eq. 11) are defined through

T
Jro 7AmP dhprv Cext
dhpr — V9 eV/Vg 1

V)V,
e/e

m AnPyV

dhpr

dhpr — VO 1—

Vv, |
e/e
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consistent with Eq. 12. In the univariate probability density approach and
moment-closure method the total flux through L-type Ca>" channels is given by
1%4 —n V/Vy

Cds e — Cext

eV ’

Tine = —AnPy (58)

dhprve

and the quantities Jg,"gr and J'Iﬁll)r are used to evaluate i , (Eq. 22) and aids,l
(Eq. 23).

Note added in proof: When MATLAB’s built-in stiff ordinary differential
equation integrator odel5s is used rather than ode45, the moment-closure
calculation can be accelerated by an additional factor of 20.

Some of these results have previously appeared in abstract form (30-32).
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